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Abstract
The concrete representation problem asks if a permutation group G on a set X is equal (permutation isomorphic) to
the automorphism group of some colored graph with vertex set X . In this paper we consider how the representability of
the direct product of permutation groups is connected with the representability of the factors.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The problem of characterizing those permutation groups that can be represented as automorphism groups of graphs
is known in the literature as K8onig’s problem. While its abstract version has got an easy solution that every group
is isomorphic to the automorphism group of a graph, the permutation group version is much harder. By the concrete
representation problem we mean the natural generalization of this problem with graphs replaced by digraphs, colored
graphs, etc. (see [1])
Permutation groups that are automorphism groups of colored digraphs are called 2-closed, and those that are automor-
phism groups of colored graphs 2∗-closed (see [6]). It is known that every regular permutation group is 2-closed, and
with some exceptions, every such group is 2∗-closed. Doubly transitive permutation groups, apart from symmetric groups,
are obviously not 2-closed, but also some primitive almost simple permutation groups are not 2-closed (see [1]).
Some old results by Chao and Kagno concerning the representability of the direct product of groups by the automorphism
group of a graph are mentioned in [7, p. 98]. These have been generalized by Peisert [4], who found suAcient and necessary
conditions for a direct product of permutation groups (acting on the disjoint union of the domains) to be an automorphism
group of a graph. The unique groups and graphs that have appeared in this characterization gave rise to the description
of all self-complementary symmetric graphs [5].
In this paper, we generalize Peisert’s results [4] to colored graphs. The approach to representation problem suggesting
this very direction of research was introduced by Kisielewicz in [2,3].
The main problem is whether for every k¿ 2 there exist permutation groups that are the automorphism groups of
k-colored graphs, and do not appear as the automorphism groups of graphs colored with less colors.
In this paper we show that, generally, such groups cannot be obtained by means of the direct product of permutation
groups. We prove that, in general, for k¿ 2, the class of the automorphism groups of k-colored graphs (digraphs) is
closed on taking direct products. Exceptions leads to a generalization of unique groups and graphs, and to some examples
of groups that need more than k=3 colors to be represented as the automorphism group of a k-colored graph. In particular,
we construct a group that needs (in this sense) 5 colors.
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Fig. 1. Graph representing Sn1 for n¿ 5.
We use the terminology of [2,4]. All groups considered in this paper are 0nite permutation groups. Two permutation
groups (A1; N1) and (A2; N2) are permutation isomorphic if there is a bijection 	 :N1 → N2 such thatA2={	−1g	 : g∈A1}.
We identify isomorphic groups, and for (A; N ) we often write simply A.
By a k-colored digraph we mean a pair G = (V; E), where V is the set of vertices, and E a function from V × V to
the set {0; 1; : : : ; k − 1}. By a k-colored graph we mean a pair G = (V; E), where V is the set of vertices, and E is a
function from P2(V ) = {{v; w} : v; w∈V ; v = w} into the set {0; 1; : : : ; k − 1}.
The automorphism group AUT(G) of a digraph (graph) G consists of all permutations  of V such that E((v; w)) =
E(((v); (w))), (E({v; w}) = E({(v); (w)}) for all v; w∈V .
We say that a permutation group A is k-representable by a digraph (graph), if there is a k-colored digraph (graph) G
such that AUT(G) =A. Then, also we say that G represents A. A group A is said to be sharply k-representable, if it
is k-representable, but not (k − 1)-representable. Finally, A is representable by a digraph (graph), if it is k-representable
for some k ¿ 0. In the literature, such permutation groups are also called 2-closed (and 2∗-closed), respectively.
Given two groups A1;A2, by A1×A2 we denote the direct product of A1 and A2 acting on the disjoint union of the
domains.
Example. Trivial groups. Obviously, all the symmetric groups Sn, n¿ 1, are 1-representable (both by digraphs and graphs),
and these are the only 1-representable groups.
The direct powers Sn1 , n¿ 2, are the identity groups. They are all 2-representable by directed graphs, but for undirected
graphs the situation is already more complicated. S21 = S1 × S1 is not representable at all. For n = 3; 4; 5; Sn1 is sharply
3-representable. This is so, because every (2-colored) graph on at most 5 elements has nontrivial automorphisms. For
n¿ 5, Sn1 is 2-representable (see Fig. 1).
2. Directed graphs
We start from digraphs, which turns out to be the simpler case.
Theorem 2.1. If groups A1;A2 are k-representable by directed graphs for some k¿ 2, then the direct product A =
A1 ×A2 is k-representable, too.
Proof. Let k-colored directed graphs G = (V1; E1) and H = (V2; E2) represent A1 and A2, respectively. Without loss of
generality, we can assume that |V1|6 |V2|.
DeLne a graph K = (V; E) as follows. Let V = V1 ∪ V2 , and E = E1 ∪ E2 ∪ E3, where for all v1 ∈V1; v2 ∈V2 we have
E3(v1; v2) = 0 and E3(v2; v1) = 1. We show that K represents A.
Inclusion A ⊆ AUT(K) is obvious. To prove the converse, we observe that for every v1 ∈V1, the cardinality t of the
set {v∈V : v = v1; E(v1; v) = 0} is larger then |V2|, and for every v2 ∈V2 the cardinality s of {v∈V : v = v2; E(v2; v) = 0
is at most |V1| − 1. Since |V2|¿ |V1|, we have t ¿ s. It follows that the sets V1; V2 are preserved by AUT(K). Hence,
AUT(K) =A.
In the converse direction we have
Theorem 2.2. If the direct product A = A1 × A2 is k-representable by a directed graph for some k¿ 2, then its
components A1;A2 are (k + 1)-representable.
Proof. Assume that a graph G= (V1 ∪ V2; E) represents A. Then for a graph H ′ = (V1; E′), where E′ is the restriction of
E to V1 we have A1 ⊆ AUT(H ′), but the reverse inclusion need not hold. We change E′ slightly in order to obtain E1
such that for H = (V1; E1) we will have A1 = AUT(H).
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Let W1; : : : ; Wn be the orbits of A in V1. By m(Wi;Wj) we denote the minimal number m such that E(v; w) = m for
some v∈Wi and w∈Wj . Now, for i ¡ j, v∈Wi; w∈Wj , we deLne E1(v; w)=k whenever E(v; w)=m(Wi;Wj). Otherwise,
we put E1(v; w) = E(v; w).
Assume that ∈A1. Then (; –)∈A, where – denotes the identity permutation on V2. It follows that E(v; w)=E(v; w)
for all v; w∈V1. We have to show that the same holds for E1.
To this end, suppose that v∈Wi; w∈Wj . Then, since Wi;Wj are the orbits of A, v∈Wi; w∈Wj . Now, if i¿ j,
then E1(v; w) = E1(v; w) by deLnition. For i ¡ j we consider two cases. If E1(v; w) = k, then E(v; w) =m(Wi;Wj), and
therefore E(v; w)=m(Wi;Wj), as well. Consequently, E1(v; w)= k. If E1(v; w)= l¡ k, then E(v; w)= l¿m(Wi;Wj).
Hence E(v; w)=l¿m(Wi;Wj), and thus E1(v; w)=l. It follows that ∈AUT(H), and consequently A1 ⊆ AUT(H).
To prove the reverse inclusion, the key point is to show that the sets Wi are the orbits of AUT(H). To this end we Lnd
properties distinguishing the sets Wi and preserved by the automorphisms of H . First, observe that if for v∈Wi there is
w∈V1 such that E(v; w) = k, then since Wi is an orbit, every v∈Wi has this property. Hence, W1 is the set of all v∈V1
such that there exist no w∈V1 with E(w; v) = k. And inductively, Wi is the set of all v∈V1 such that there is a k-path
of the length i − 1 from W1 to v.
The rest of the proof is similar to that in the Lrst part.
We do not know an example showing that k + 1 in the theorem above cannot be replaced by k. This question may be
much more complicated than it seems for the Lrst sight (see the last section for examples and open problems). We have
the following:
Corollary 2.3. The direct product A1 ×A2 is representable by a directed graph if and only if both A1 and A2 are
representable.
Our deLnition of colored digraph admits loops, but it is not diAcult to see that the proof above applies to digraphs
without loops, as well.
3. Undirected graphs
In this section we would like to get analogous results for undirected graphs. The problem is now more complicated,
since, for example, as we have observed in Section 1, S21 is not representable at all. In the sequel representable means
always representable by a graph.
Also, in this case, the permutation of the colors comes into play. Given a k-colored graph G=(V; E), and a permutation
f of the colors {0; 1; : : : ; k − 1} we will consider the graph G= (V; f(E)). Note that if G represents a group A, then for
every permutation f of the colors, the graph G′ = (V; f(E)) also represents A.
We will also consider the degrees of vertices with respect of a Lxed color. For a vertex v of a k-colored graph G=(V; E)
and a color m¡k the m-degree of v is the number of vertices w∈G such that E({v; w}) = m.
Lemma 3.1. If A1;A2 are k-representable groups, then the direct product A=A1×A2 is (k+1)-representable, provided
it is di3erent from S1 × S1.
Proof. Let G1=(V1; E1) and G2=(V2; E2) be k-colored graphs representing, respectively, A1 and A2. Because of symmetry,
we can assume that |V1|6 |V2|. If A1 = S1, then we deLne E′1=f(E), where f is a permutation of k+1 colors {0; 1; : : : ; k}
such that there exists a pair v; w∈V1 with f(E({v; w)}) = k. If A1 = S1, we put E′1 = E1 = ∅. Now let H = (V; E), where
V = V1 ∪ V2; E = E′1 ∪ E2 ∪ E3, and E3({v; w}) = k for all v∈V1 and w∈V2.
We show that AUT(G) =A. Obviously, A ⊆ AUT(G). Assume that ∈AUT(G) \A. Then, there exists v∈V2 such
that (v)∈V1. Yet, for every w∈V2 diPerent from v we have E({v; w}) = k and E({w; (v)}) = k. Hence, (V2) ⊆ V1,
and consequently, (V2) = V1 and (V1) = V2. By deLnition of E′1, it follows that A1 =A2 = S1, as claimed.
As we see in the next section, in the case of undirected graphs, the bound k+1 in the lemma above is the best possible.
Also, in contrast with directed graphs (Corollary 2.3), the factors of a representable direct product of groups need not be
representable.
Lemma 3.2. If A = S1 is a k-representable group and k¿ 2, then the direct product S21 ×A is also k-representable.
Proof. Let G = (V; E) be a k-colored graph representing A and |V |= n¿ 2.
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Suppose that a vertex v∈G has 0-degree equal to n− 1. Then the maximal 1-degree does not exceed n− 2. Therefore,
without loss of generality, we may assume that the maximal 0-degree in G is less than n− 1.
Now, assuming that v0; w0 ∈ V , we deLne H = (V ∪ {v0; w0}; E′), where E({w0; v}) = 1 for all v∈V ∪ {v0}, and
E({v0; v}) = 0 for all v∈V .
Then, w0 is the unique vertex in H with 1-degree equal to n+1, and v0 is the unique vertex in H with 0-degree equal
to n. It follows that H represents S21 ×A.
As we have observed S21 × S21 is sharply 3-representable. We show that this together with the lemmas above completes
the cases when the direct product is representable.
Lemma 3.3. If A1 = S21 is not representable, then A=A1 ×A2 is not representable for any group A2.
Proof. Assume, to the contrary, that A is represented by a k-colored graph G = (V1 ∪ V2; E), where A1 and A2 act,
respectively, on the sets V1; and V2. We construct a graph H to represent A1. Let W1; : : : ; Wn be the orbits of A1 in V1,
and  a bijection between the set of elements of the form {Wi;Wj} and the set {0; : : : ; (n+1)n=2− 1}. Put H = (V1; E′),
where E′({vi; vj}) = E({v1; v2}) + k(Wi;Wj), whenever vi = vj , and vi ∈Wi; vj ∈Wj .
We show that AUT(H)=A1. Let f be a permutation of V1. At Lrst, if f∈A1, and E′({vi; vj})= l for vi ∈Wi; vj ∈Wj ,
then E({vi; vj}) = l− k({Wi;Wj}). Since A1 ⊆A, E({f(vi); f(vj)}) = l− k({Wi;Wj}). Now, Wi;Wj are orbits in A,
and therefore f(vi)∈Wi, and f(vj)∈Wj . It follows that E′({f(vi); f(vj)}) = l, and consequently A1 ⊆ AUT(H).
If a permutation of V1 does not belong to A1, then considering it as a permutation of V1 ∪ V2 constant on V2, f
does not preserves the colors of A1 ×A2. It follows that there exists a pair v1 ∈V1; v2 ∈V1 ∪ V2 such that E({v1; v2}) =
E({f(v1); f(v2)}). If v2 ∈V1 then f ∈ AUT(H), as E′({v1; v2})=E′({v3; v4}) only if E({v1; v2})=E({v3; v4}). If v2 ∈V2,
then f(v2) = v2. Hence, f(v1) must be in a diPerent orbit than v1. Since A1 = S21 , there exists a third vertex v3
in V1, diPerent from v1 and f(v1). By deLnition of E′, we obtain E′({v1; v3}) = E′({f(v1); f(v3)}). Consequently,
f ∈ AUT(H).
It follows that AUT(H) =A1, which is a contradiction.
The method in the proof above yields also the following:
Corollary 3.4. If A=A1 ×A2 is k-representable and A1 is transitive, then A1 is k-representable.
Concerning general representability we have the following:
Corollary 3.5. Let A be a direct product A1 ×A2 di3erent from S1 × S1. Then A is representable if and only if each
of A1 and A2 is representable or equal to S1 × S1.
4. Sharp k-representability
In this section we wish to establish when the direct product of two k-representable group is also k-representable, or in
other words, when it is sharply (k + 1)-representable.
For a k-colored graph G = (V; E), and a subset A of {0; 1; : : : ; k − 1}, by an A-path from v to w we mean a sequence
of vertices v1; : : : ; vm, such that v1 = v; vm = w, and E({vk ; vk+1})∈A for all 16 k ¡m. We say that G is A-connected if
for every two vertices v; w∈G there is an A-path from v to w. We will use the well-known fact that for a partition of
the set {0; 1; : : : ; k − 1} into sets A and B, the graph G is either A-connected or B-connected.
Theorem 4.1. Let A1;A2 be k-representable groups. If they are not isomorphic as permutation groups, then the direct
product A=A1 ×A2 is k-representable.
Proof. Let G1 = (V1; E1) and G2 = (V2; E2) be k-colored graphs representing A1 and A2, respectively. Without loss of
generality we can assume that G1 and G2 are A= {1; : : : ; k − 1}-connected. We construct a graph G with AUT(G) =A
as follows: Let G = (V1 ∪ V2; E1 ∪ E2 ∪ E3), where E3({v; w}) = 0 for v∈V1 and w∈V2.
Obviously, we have A ⊆ AUT(G). To prove the reverse inclusion we observe that, since both graphs are A-connected,
every automorphism of G either preserves or interchanges the sets V1 and V2. The second possibility is excluded, since
the graphs are not isomorphic. Hence AUT(G) ⊆A.
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The essential fact in the proof of the above lemma is that the graphs representing the groups are not isomorphic (i.e.
there is no bijection preserving the colors). This allows to extend the result onto the direct power of a graph.
De&nition. A representable permutation group A is called uniquely representable, if for the least k such that A is
k-representable there exists precisely one, up to isomorphism, k-colored graph representing A. In such a case, the graph
itself is called unique.
For simple (2-colored) graphs this notion was introduced in by Peisert [4] (the groups were also called unique). Note
that unique graphs must be symmetric with respect to the colors.
Now the proof of the lemma above can be adopted to obtain the following:
Lemma 4.2. If a k-representable groupA is not uniquely representable, then the direct productA×A is k-representable.
The further results are intended to deal with uniquely representable groups, yet, in fact, we do not need to use this
assumption. Below, by a regular k-colored graph we mean a graph which is regular with respect to every color m¡k.
Lemma 4.3. Suppose that a group A is represented by a k-colored graph G = (V; E). If G is not regular, then the
direct product A×A is k-representable.
Proof. First note, that if G is not regular, then it is not regular with respect to at least two colors. Hence, we may assume
that G is not 0-regular, and is A-connected for A= {1; : : : ; k − 1}, and k¿ 2.
Suppose that d0 is the minimal 0-degree in G, and let V0 be the set of the vertices with 0-degree equal to d0. Since G
is not 0-regular, V0 = V . Let G′ = (V ′; E′) be a disjoint copy of the graph G, and V ′0 the set of vertices corresponding
to V0. We deLne H = (V ∪ V ′; E ∪ E′ ∪ E′′), where, for all w∈V ′, E′′({v; w}) = 1 whenever v∈V0, and E′′({v; w}) = 0,
whenever v∈V \ V0.
We have A ×A ⊆ AUT(H), since A preserves the sets V0 and V \ V0. For the converse, it is enough to show that
AUT(H) preserves V ′.
We calculate 0-degrees. If v∈V0, then v has 0-degree equal to d0. If v∈V ′0 , then its 0-degree is d0+|V |−|V0|¿d0. Also
for other vertices the 0-degree is greater than d0. We deLne a property which characterizes the vertices in V ′:there exist a
A-path from v to a vertex of 0-degree equal to d0 + |V | − |V0|, which includes no vertices of degree d0. Since the graph
G′ is A-connected, every vertex in V ′ has this property. Moreover, this property is invariant under the automorphisms.
Hence AUT(H) preserves V ′, as required.
Lemma 4.4. Suppose that a group A is represented by a k-colored regular graph G = (V; E). If A is not transitive,
then the direct product A×A is k-representable.
Proof. Since 1-representable groups are transitive, we may assume that k¿ 2.
We use a similar construction as that in the previous lemma. Let V0 be an orbit of A. Since A is not transitive, V0 = V .
By d0 we denote the 0-degree of the vertices. Let G′ = (V ′; E′) be a disjoint copy of G, and V ′0 the set corresponding to
V0. The deLnition of the graph H is the same as in the previous lemma.
Then, A×A ⊆ AUT(H) holds as before. For the converse, observe that, in this case, V ′ is just the set of the vertices
of 0-degree equal to d0 + |V \ V0|.
Lemma 4.5. Let A be a uniquely and sharply k-representable transitive group for k¿ 1. If A = S1, then A′=A×A
is sharply (k + 1)-representable.
Proof. According to Lemma 3.1, A′ is (k + 1)-representable. We have to show that it is not k-representable.
Assume to the contrary that A′ is k-representable, and let G = (V; E) be a k-colored graph that represents A′. Since
A1 is transitive, A′ has two orbits V1; V2. Let G(V1) and G(V2) denote the graphs induced by V1 and V2, respectively.
Since A′ acts on these graphs independently, for all v∈V1; w∈V2, the function E({v; w}) has the same value. It follows
that AUT(G(V1)) =A and AUT(G(V2)) =A, that is, G(V1) and G(V2) represent A. Since A is uniquely representable,
G(V1) and G(V2) are isomorphic. Consequently, the permutation interchanging V1 and V2 deLned by this isomorphism is
an automorphism of G, a contradiction.
Combining the lemmas we get the following:
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Fig. 2. Unique transitive 4-colored graph.
Theorem 4.6. Let A1 and A2 be k-representable groups. Then the direct product A1×A2 is sharply (k+1)-representable
if and only if A1 =A2 is a uniquely and sharply k-representable transitive group with k ¿ 1.
5. Applications and open questions
The main open problem in the area is whether there are sharply k-representable graphs for arbitrarily large k.
The well-known example is the Klein four group D generated by (12)(34) and (13)(24). It is easily seen that this
group is 3-representable, but not 2-representable, both for directed and undirected graphs (cf. [2]).
For now, we do not know if there exist other colored directed graphs with automorphism groups that are not representable
by a 2-colored directed graph. The situation here may be somehow similar to that with multiple-transitive groups. That is
why the question following Theorem 2.2 may be much more complicated than it seems for the Lrst sight.
Using our results we can construct however further examples for undirected graphs.
First, by virtue of Theorem 4.6, for every simple (2-colored) graph A which is unique and transitive, its second power
A2 is sharply 3-representable. These include Paley graphs and other self-complementary symmetric graphs, and their
graph compositions (cf. [4,5]).
Observing that the Klein group D is transitive and uniquely representable we get that its second power D2 is sharply
4-representable.
We have also an example of sharply 5-representable group.
Let F be the permutation group on the set {1; 2; : : : ; 9} generated by permutations (123)(456)(789), (147)(258)(369)
and (23)(47)(68)(59). It is not diAcult to see that this is the automorphism group of the graph pictured in Fig. 2, consisting
of triangles in four colors: {1; 2; 3}; {4; 5; 6}; {7; 8; 9} in color 0, {1; 4; 7}; {2; 5; 8}; {3; 6; 9} in color 1, {1; 5; 9}; {2; 6; 7};
{3; 4; 8} in color 2, and {1; 6; 8}; {2; 4; 9}; {3; 5; 7} in color 3 (edges in the last color are omitted in Fig. 2). We leave to
the reader to check that three colors does not suAce.
It follows that F2 is sharply 5-representable.
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